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Abstract
A geodesic curve in a Riemannian homogeneous manifold (M = G/K, g) is called a homogeneous
geodesic if it is an orbit of an one-parameter subgroup of the Lie group G. We investigate G-invariant metrics
such that all geodesics are homogeneous for the flag manifold M = SO(2l + 1)/U(l − m) × SO(2m + 1).
By reformulating the problem into a matrix form we show that SO(2 + 1)/U( − m) × SO(2m + 1)
has homogeneous geodesics with respect to any SO(2 + 1)-invariant metric if and only if m = 0. In all
other cases this space admits at least one non-homogeneous geodesic. We also give examples of finding
homogeneous geodesics in the above flag manifold for special values of l and m.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
A Riemannian manifold (M, g) is called homogeneous if it admits a transitive connected
Lie group G of isometries. Then M can be viewed as a coset space G/K with a G-invariant
metric, where K is the isotropy subgroup of some point in M . A geodesic γ (t) through the origin
o = eK is called a homogeneous geodesic if it is an orbit of a one-parameter subgroup of G,
i.e. γ (t) = (exp tX) · o, where X is a non-zero vector in the Lie algebra g of G. In [12], Kajzer
proved that a Lie group G with a left-invariant metric has at least one homogeneous geodesic
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through the identity element e, and in [15], Szenthe showed that if the rank of a compact connected
and semisimple Lie group is greater than 1, then for any left-invariant metric there are infinite
many homogeneous geodesics through the identity. A similar result for homogeneous spaces
was obtained by Kowalski and Szenthe [14], who proved that every Riemannian homogeneous
manifold admits at least one homogeneous geodesic through each point.
Homogeneous geodesics have important applications in mechanics as, according to [5], the
equation of motion of many systems of classical mechanics reduces to the geodesic equation in
an appropriate Riemannian manifold M . Homogeneous geodesics play a significant role in such
a process. Also, in [8–10], Ikawa studied the equation of motion of charged particles in various
homogeneous spaces. The solutions for such equations, are generalizations of the equation of a
homogeneous geodesic.
Riemannian homogeneous spaces with all geodesics homogeneous, are also known as g.o.
spaces. Examples of g.o. spaces are the symmetric spaces, the weakly symmetric spaces and the
naturally reductive spaces. Naturally reductive spaces are Riemannian manifolds (M, g) whose
metric g is induced by an AdG-invariant non-degenerate symmetric bilinear form on the Lie
algebra g of some transitive group G of isometries. The class of g.o. spaces is larger than the
class of naturally reductive spaces. In fact, in [11] Kaplan gave the first example of a g.o. space
which is not naturally reductive. The classification of g.o. spaces in dimension 6 was obtained
by Kowalski–Vanhecke, and examples of g.o. spaces in dimension 7 were obtained by Dušek et
al. [7].
The general problem of classification of compact non-naturally reductive Riemannian mani-
folds (M, g) such that all geodesics are homogeneous, remains open. From now on when we say
that a Riemannian manifold (M, g) has homogeneous geodesics we mean that all geodesics of
M are homogeneous.
The aim of this paper is to give a significant application of linear algebra to such a geometrical
problem, for a certain class of flag manifolds. A flag manifold is a homogeneous manifold G/K
which is an adjoint orbit of a compact semisimple Lie groupG. Equivalently, the isotropy subgroup
K is the centralizer of a torus (i.e. a maximal abelian subgroup) inG (cf. [6,1]). Let (M = G/K, g)
be a Riemannian flag manifold of a classical Lie group. In [2] it was shown that among all such
spaces the only ones that may have homogeneous geodesics are the families SO(2 + 1)/U( −
m) × SO(2m + 1), Sp()/U( − m) × Sp(m), and SO(2)/U( − m) × SO(2m). The aim of
the present work is the study of the first of these classes, but a similar analysis may be applied
to the other ones. A complete study, including flag manifolds determined by the exceptional Lie
groups, will appear in [3].
Using techniques from Lie theory, the condition that all geodesics in a homogeneous space are
homogeneous is expressed into a matrix form, and thus it reduces to a linear system of equations
(Propositions 2 and 3). It is shown (Theorems 1 and 2) that the flag manifold SO(2 + 1)/U( −
m) × SO(2m + 1) has homogeneous geodesics with respect to any SO(2 + 1)-invariant metric
if and only if m = 0. In all other cases this space admits at least one non-homogeneous geodesic.
The description of all homogeneous geodesics in a homogeneous space is generally a difficult
task. However, it is possible to obtain some partial results, as shown in the examples at the end of
the paper.
2. Riemannian homogeneous spaces with homogeneous geodesics
A Riemannian manifold (M, g) is called homogeneous if it admits a transitive connected Lie
group G of isometries. Such a manifold may be identified with the coset space G/K , where K
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is the isotropy subgroup of a point o = eK ∈ M. We assume that G is semisimple and compact.
If AdG : G → Aut(g) is the adjoint representation of G on g, let q be an AdG-invariant scalar
product on g. Let m = k⊥ be the orthogonal complement to k with respect to q. Then g = k ⊕ m
is a reductive decomposition of g, that is [k,m] ⊂ m. We also identify m with the tangent space
To(G/K). Then the isotropy representation of K is identified with the restriction AdK |m of the
adjoint representation of K on g, to m.
A G-invariant metric g on M = G/K corresponds to an AdK -invariant scalar product 〈 , 〉 on
m = ToM , and conversely any AdK -invariant scalar product 〈 , 〉 on m determines a G-invariant
metric g on M = G/K . The metric g is called standard if the scalar product 〈 , 〉 on m is the
restriction of the negative of the Killing form B of g. Any AdK -invariant scalar product 〈 , 〉 on
m can be written as 〈x, y〉 = q(Sx, y) (x, y ∈ m), where S is an AdK -invariant positive definite
symmetric operator on m. Conversely, any such operator S determines an AdK -invariant scalar
product 〈·, ·〉 = q(S·, ·) on m, which defines a G-invariant Riemannian metric g on M . We will
say that S is the operator associated to the metric g.
The following proposition gives an algebraic characterization of a one-parameter subgroup in
(M = G/K, g) to be a geodesic curve, in terms of the associated operator S.
Proposition 1 [3]. Let (M = G/K, g) be a homogeneous Riemannian manifold and S be the
associated operator. Let a ∈ k and x ∈ m. Then the following are equivalent:
(a) The orbit γ (t) = exp t (a + x) · o of the one-parameter subgroup exp t (a + x) through the
point o = eK is a geodesic of M.
(b) [a + x, Sx] ∈ k.
Definition 1. A Riemannian homogeneous manifold (M = G/K, g) has homogeneous geodesics
if every geodesic in M is an orbit of a one-parameter group of isometries {exp tX) · o: X ∈ g}.
An immediate important corollary of Proposition 1 is the following:
Corollary 1. Let (M = G/K, g) be a homogeneous Riemannian manifold. Then M has homo-
geneous geodesics if and only if for every x ∈ m there exists an a(x) ∈ k such that
[a(x) + x, Sx] ∈ k. (1)
3. Riemannian flag manifolds
A homogeneous manifold M = G/K of a compact semisimple Lie group G is called a flag
manifold if it is isomorphic to an adjoint orbit of the group G. Equivalently, the isotropy subgroup
K is the centralizer of a torus in G. Let g, k be the Lie algebras of the groups G,K and denote
by gC, kC their complexifications. Let hC be a Cartan subalgebra of kC, which is also a Cartan
subalgebra of gC. Then we have the following Cartan decompositions:
gC = hC ⊕
∑
α∈R
gα, k
C = hC ⊕
∑
α∈RK
gα,
where R (respectively RK ) is the root system of gC (respectively of kC) with respect to hC. We
denote by RM = R \ RK the set of complementary roots. Then
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mC =
∑
α∈RM
gα
and root vectors {Eβ ∈ gα: β ∈ RM} form a basis of mC.
We denote by h = hC ∩ ik the real ad-diagonal subalgebra, and by
t = Z(kC) ∩ ih,
the intersection of the center Z(kC) with ih. Then kC = tC ⊕ k′C, where k′C is the semisimple part
of kC.
We consider the restriction map
κ: h∗ → t∗, α → α|t
and set RT = κ(RM). The elements of RT are called T-roots.
It is known [4,16] that there exists a 1–1 correspondence between T -roots ξ and irreducible
submodules mξ of the ad k
C
-module mC, given by
RT  ξ ↔ mξ =
∑
κ(α)=ξ
gα.
Hence we obtain the following decomposition:
mC =
∑
ξ∈RT
mξ
of mC into a sum of non-equivalent irreducible ad kC -submodules. The complex conjugation τ
of gC with respect to g interchanges gα and g−α , hence also mξ and m−ξ . Due to this, the
decomposition of the real ad k-module m = (mC)τ into irreducible submodules is given by
m =
∑
ξ∈R+T
(mξ + m−ξ )τ . (2)
Here R+T = κ(R+) is the set of all positive T -roots (i.e. the restriction to t of the system R+ of
positive roots of R with respect to a fixed ordering), and nτ denotes the set of fixed points of τ in
a vector subspace n ⊂ gC.
A flag manifold M = G/K equipped with a G-invariant metric g is called a Riemannian flag
manifold. If S is the associated operator to g, then by using the decomposition (2) we obtain that
S can be expressed as
S =
∑
ξ∈R+T
λξ Id(mξ+m−ξ )τ (3)
with λξ positive constants, are the eigenvalues of the operator S. Note that if G is simple, the
scalar operator S = cIdm corresponds to the standard metric on M = G/K .
4. Homogeneous geodesics in the flag manifold SO(2 + 1)/U( − m) × SO(2m + 1)
Let p =  − m. We will describe explicitly the reductive decomposition associated to the flag
manifold Mp,m = G/K = SO(2 + 1)/U(p) × SO(2m + 1).
Let V = C2+1 be a complex (2 + 1)-dimensional vector space with complex inner product
〈 , 〉, and let {ei, e−i , fα: 1  i  p, 1  α  2m + 1} be a basis of V such that 〈ei, e−j 〉 = δij ,
〈fα, fβ〉 = δαβ , and all other products be equal to zero. We set
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V 1 = span{e1, . . . , ep}, V −1 = span{e−1, . . . , e−p}, V 0 = span{f1, . . . , f2m+1}.
Then V = V 1 ⊕ V −1 ⊕ V 0. Let τ be the anti-linear involution of V defined by τ(e±i ) = e∓i ,
τ(fα) = fα . Then the fixed point set of τ is the Euclidean vector space V τ with orthonormal basis
{e′i = 1√2 (ei + e−i ), ei ′′ =
1√
2
(ei − e−i ), fα : i = 1, . . . , p, 1  α  2m + 1}. The orthogonal
Lie algebra so(V ) is identified with the exterior algebra 2V via the inner product 〈 , 〉. Then the
decomposition
so(V ) = (V 1 ∧ V −1 ⊕ 2V 0) ⊕ (V 1 ∧ V 0 ⊕ V −1 ∧ V 0 ⊕ 2V 1 ⊕ 2V −1)
is a reductive decomposition of so(V ) with kC = V 1 ∧ V −1 ⊕ 2V 0, and
mC = V 1 ∧ V 0 ⊕ V −1 ∧ V 0 ⊕ 2V 1 ⊕ 2V −1.
This is the complexification of the reductive decomposition
so(V τ ) = k ⊕ m
= (V 1 ∧ V −1 ⊕ 2V 0)τ ⊕ (V 1 ∧ V 0 ⊕ V −1 ∧ V 0 ⊕ 2V 1 ⊕ 2V −1)τ
associated to the manifold Mp,m = SO(2 + 1)/U(p) × SO(2m + 1), where so(V τ ) =
so(2 + 1).
It can be shown [3] that the set of positive T -roots has the form R+T = {, 2}, which agrees
with the decomposition of mC into four ad(kC)-irreducible submodules as
mC = m1 ⊕ m−1 ⊕ m2 ⊕ m−2.
Here m1 = V 1 ∧ V 0, m−1 = V −1 ∧ V 0, m2 = 2V 1, and m−2 = 2V −1, corresponding to the
T -roots ,−, 2,−2, respectively. Therefore, the real decomposition of m is given by
m = (m1 ⊕ m−1)τ ⊕ (m2 ⊕ m−2)τ . (4)
The above decomposition can also be obtained by computing the isotropy representation of Mp,m
as follows: If λn and μn denote the standard representations of SO(n) and U(n), respectively,
then by evaluating the restriction of the complexified adjoint representation of SO(2 + 1) to
U(p) × SO(2m + 1) we obtain:
AdSO(2+1) ⊗ C|U(p)×SO(2m+1) = ∧2(λ2+1 ⊗ C)|U(p)×SO(2m+1)
= ∧2(μp ⊕ μ¯p ⊕ λ2m+1)
= ∧2μp ⊕ ∧2μ¯p ⊕ ∧2λ2m+1 ⊕ (μp ⊗ μ¯p)
⊕(μp ⊗ λ2m+1) ⊕ (μ¯p ⊗ λ2m+1).
The term ∧2λ2m+1 corresponds to the adjoint representation of SO(2m + 1), and the term
μp ⊗ μ¯p to the complexified adjoint representation of U(p), hence the isotropy representation
of Mp,m is
[∧2μp ⊕ ∧2μ¯p] ⊕ [(μp ⊗ λ2m+1) ⊕ (μ¯p ⊗ λ2m+1)]. (5)
Comparing (4) and (5), ∧2μp corresponds to m2, μp ⊗ λ2m+1 corresponds to m1, and their
conjugates correspond to m−2 and m−1, respectively.
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An SO(2 + 1)-invariant metric on Mp,m is determined by an associated operator S ∈ End(m)
given by
S = Id|(m1⊕m−1)τ + λId|(m2⊕m−2)τ
and extend S to mC = m1 ⊕ m−1 ⊕ m2 ⊕ m−2 by linearity. We denote by gλ the associated
SO(2 + 1)-invariant metric on Mp,m.
Any vector x ∈ m can be expressed as x = x1 + x1 + x2 + x2, where xi ∈ mi , xi = τ(xi) ∈
m−i (i = 1, 2). A direct application of Corollary 1 gives:
Proposition 2. A geodesic γx(t) in (Mp,m, gλ) through the point o = eK in the direction of the
vector x = x1 + x1 + x2 + x2 ∈ m is homogeneous if and only if there exists an a = a(x1, x2) ∈
k satisfying the following system of equations:
[a, x1] + μ[x2, x1] = 0,
[a, x2] = 0, (6)
where μ = λ − 1.
Next, we will deduce a matrix representation of the above system. Recall that
m1 = V 1 ∧ V 0 = {x1: x1 =
∑
i,α
xiαei ∧ fα},
m2 = 2V 1 = {x2: x2 =
∑
i,j
βij ei ∧ ej },
so let X = (xiα) and B = (βij ) be the matrices corresponding to the elements x1 and x2, respec-
tively. Similarly, let X = (x¯iα) be the matrix corresponding to the element x1 =∑i,α x¯iαe−i ∧ fα
of m−1. Then the bracket
[x2, x1] =
⎡
⎣∑
i,j
βij ei ∧ ej ,
∑
k,α
x¯kαe−k ∧ fα
⎤
⎦ = ∑
ijkα
βij x¯kαei ∧ fα
corresponds to the bracket [B,X] = BX. Also, each a ∈ kC = V 1 ∧ V −1 ⊕ 2V 0 is written as
a =∑i,j aij ei ∧ e−j +∑α,β a˜αβfα ∧ fβ , so it corresponds to the pair of matrices (A, A˜), with
A = (aij ) and A˜ = (a˜αβ). Therefore, a ∈ k if and only if A¯t = −A and A˜ = A. Then the brackets
[a, x1] and [a, x2] correspond to the matrices AX − XA˜ and AB − (AB)t , respectively. Hence
we obtain the following:
Proposition 3. The system of equations (6) given in Proposition 2 can be expressed in the fol-
lowing matrix form:
AX − XA˜ + μBX = 0,
AB + BAt = 0, (7)
where X = (xiα) is an p × (2m + 1) complex matrix, B = (βij ) a p × p complex skew-sym-
metric matrix, and the unknowns are the p × p skew-Hermitian matrix A, and the (2m + 1) ×
(2m + 1) skew-symmetric matrix A˜.
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We will also need the following:
Lemma 1. Let V be a p-dimensional complex vector space, X ∈ V, and B ∈ 2V be a bivector.
Then there exists a basis e1, . . . , ep such that the coefficients xi and βij in the expansions of
X =∑i xiei and B =∑i,j βij ei ∧ ej , are real numbers.
Proof. We choose a basis of V such that B = e1 ∧ e2 + · · · + e2r−1 ∧ e2r and X = X1 + X2,
where X1 =∑2ri=1 xiei and X2 =∑i>2r xiei . If X2 /= 0, we can choose e2r+1 = X2. If X1 /= 0
we can choose a symplectic basis {e′i} of the vector space V1 = span{e1, . . . , e2r} with e′1 = X1,
with symplectic form ω = B−1. Then B and X have real coefficients with respect to {e′1, . . . ,
e′2r , e2r+1, . . . , ep
}
. 
As a consequence we obtain the following:
Theorem 1. AnySO(2 + 1)-invariant metricgλ on the flag manifoldMp,0 = SO(2 + 1)/U()
has homogeneous geodesics.
Proof. It suffices to show that system (7) has a solution for any X and B. Let x = x1 + x1 + x2 +
x2 ∈ m. By Lemma 1 there exists a basis e1, . . . , ep of V 1 such that x1 =∑i xiei ∧ f1 and x2 =∑
i,j βij ei ∧ ej have real coefficients (note that dim V0 = 1). If we select a = −μ
∑
i,j βij ei ∧
e−j ∈ k, then its matrix representation A = −μB is a solution to system (7), hence the geodesic
γx(t) = exp t (a + x) · o is homogeneous. 
Note that for  = 2 this reduces to the six-dimensional manifold M2,0 = SO(5)/U(2), which
is in the list of [13]. However, this is not the case for the general flag manifold Mp,m(m > 0), as
the next theorem shows.
Theorem 2. Let gλ be an SO(2 + 1)-invariant metric on the flag manifold Mp,m = SO(2 +
1)/U(p) × SO(2m + 1) (m > 0), which is not homothetic to the standard metric (i.e. λ > 0).
Then (Mp,m, gλ) has a non-homogeneous geodesic.
The proof will follow from the next lemma:
Lemma 2. It is possible to choose matrices X and B in Proposition 3, so that system (7) has no
solution (A, A˜).
Proof. Case 1. Assume that m < p. Choose x1 =∑mα=1 eα ∧ fα with corresponding matrix
X =
(
Im 0
0 0
)
, and x2 =∑i,j βij ei ∧ ej with corresponding matrix B = (βij ) = (B1 −Bt2B2 B3
)
.
Here Im is the m × m identity matrix, and B1, B2 and B3 are m × m, (p − m) × m, and (p −
m) × (p − m) matrices, respectively. If the submatrix B1 = (bij ) corresponding to the element∑m
i,j=1 βij ei ∧ ej is chosen so that it has at least one non-real entry, then there is no solution
(A, A˜) to system (7). Indeed, let
A =
(
A1 −At2
A2 A3
)
, A˜ =
(
A˜1 −A˜t2
A˜2 A˜3
)
1124 A. Arvanitoyeorgos / Linear Algebra and its Applications 428 (2008) 1117–1126
and X, B as in the statement. Then the first equation of system (7) becomes(
A1 0
A2 0
)
−
(
A˜1 −A˜t2
0 0
)
+ μ
(
B1 0
B2 0
)
= 0,
which gives that the matrix A1 = A˜1 − μB1 is non-real and skew-symmetric, contradicting the
fact that A1 is skew-Hermitian.
Case 2. Assume that m ≥ p. Choose x1 =∑pα=1 eα ∧ fα with corresponding matrix X =
(Ip|0), and x2 =∑ij βij ei ∧ ej with corresponding matrix B = (βij ), so that at least one entry
is a non-real number. Then there no solution (A, A˜) to system (7). Indeed, let A˜ = (A˜1|A˜2). Then
the first equation of system (7) becomes
(A|0) − (A˜1|A˜2) + μ(B|0) = 0,
which implies that A = A˜1 − μB is non-real, skew-symmetric, and as before, this contradicts the
fact that A is skew-Hermitian. 
Proof of Theorem 2. Let x1 =∑i,α xiαei ∧ fα with rank of X = (xiα) to be m. Then we can
choose a basis {ei} of V 1 such that x1 =∑mα=1 eα ∧ fα . Also, if x2 =∑i,j βij ei ∧ ei and βij /∈ R
for some k, l  m, then by Lemma 2 the geodesic γx(t) through o = eK in the direction of
x = x1 + x1 + x2 + x2 is not homogeneous. 
5. Examples
According to Proposition 1, the problem of finding all homogeneous geodesics in a Riemannian
homogeneous space (M = G/K, g) is equivalent to an algebraic condition on the level of Lie
algebras. This condition in turn reduces into an algebraic system of equations, as shown in Prop-
ositions 2 and 3 for the family of homogeneous spaces Mp,m = SO(2 + 1)/U(p) × SO(2m +
1). Although such systems are usually quite difficult to be solved, it is possible to describe all
homogeneous geodesics in Mp,m for some special values of p and m.
1. Let p = 1, so  = m + 1 (m ≥ 1). This corresponds to the homogeneous space M1,m =
SO(2 + 1)/U(1) × SO(2m + 1). The matrix B is zero, so geodesic vectors are tangent to m1.
Then system (7) reduces to
AX − XA˜ = 0, (8)
where X = (x1x2 · · · x2m+1) with complex entries, and the unknowns are the matrices A with
only one entry ia(a ∈ R), and A˜ = (aij ) an (2m + 1) × (2m + 1) skew-symmetric. System (8)
is a homogeneous system of 2m + 1 equations with 1 + m(2m + 1) = 2m2 + m + 1 unknowns,
therefore, it has a non-trivial solution.
For example, if m = 1 then  = 2, and system (8) reduces to
x2a12 + x3a13 + ix1a = 0,
x1a12 − x3a23 − ix2a = 0,
x1a13 + x2a23 − ix3a = 0, (9)
whose solution is a12 =
(
x3
x1
)
a23, a13 = −
(
x2
x1
)
a23, a = 0 (assume x1 /= 0). Therefore, all
homogeneous geodesics in SO(5)/U(1) × SO(3) through the identity, are in the direction of
the vectors
(
a23
a12
,− a13
a12
, 1
)
x3.
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Note that because of the form of matrixX in Proposition 3, there are no homogeneous geodesics
tangent to m2.
2. Let  = 3 and m = 1, so p = 2. This corresponds to the homogeneous space SO(7)/U(2) ×
SO(3). The matrices of system (7) have the form
X=
(
x11 x12 x13
x21 x22 x23
)
, B =
(
iβ1 x + iy
−x − iy −β2
)
,
A=
(
ia1 s + ir
−s + ir ia2
)
, A˜ =
⎛
⎝ 0 a12 a13−a12 0 a23
−a13 −a23 0
⎞
⎠ .
As it is quite difficult to find the general solution of (7), we look for homogeneous geodesics
which are in the direction of more special vectors, for example those with corresponding matrices
X and B given by
X = x11
(
1 0 0
0 1 0
)
, B =
(
0 x
−x 0
)
. (10)
In this case the solution of (7) is
A =
(
0 s
−s 0
)
, A˜ =
⎛
⎝ 0 s + μx 0−s − μx 0 0
0 0 0
⎞
⎠
for any s, x ∈ R. Therefore, some of the homogeneous geodesics in SO(7)/U(2) × SO(3)
through the identity, are in the direction of the vectors with corresponding matrices (10).
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